C-spaces and pairings.
In the sequel we will make use of the following Hall identities valid for any elements a, b, c of a group G: [[a, 6] , à] [ [6, c] 
H(l) [a, b] [6, a] = e H(2) [a, be] = [a, b] [a, c] [[c, a], 6]

ff(2') [aft, c] = [a, [b, c]] [b, c] [a, c] H(S)
4(2) a € C G {H, H), b 6 C G {K, H) => ab € C G (K, H) A(3) a £ C G (K, K), b £ C G (K, H)=ïba£ C G (K, H) A (4) a, bÇ. C G (H, K)^ab 6 C 0 (i7, #)
A (5) a G C G Cff, #), fe G 27=* [a, A], [h, a], hah-1 £ C G (77, K).
We prove . 4 (4) to indicate the use of the Hall identities.
Proof. Let a, b 6 C G (27, 2£) and h £ H. From the definition of C G (H, K) and the assumption that K is a group it easily follows that [h, a], [h, b] and [[b, h], a] are in K and consequently so is [h, ab] = [h, a] [h, b] [[b, h], a]. Hence ab 6 C G *(H, K) = C G (H, K).
In particular we see from A (4) that if (G, 27, K) is a triple of topological groups then C G (H, K) as a submonoid of G is an 27-space.
For (G; 77, K, L) a tetrad of groups with L (Z K we adopt the following notation
T = T(G, 27; K, L) = (C G (L, H)/C G {K), C G (K, H)/C
and these will be called the T and F pairs for the tetrad.
If 
Proof. Parts (i) and (ii) are well known [5; 8] , and the proof of (iii) is similar.
In certain cases the transfer pairing can be improved. PROPOSITION 
For (G, H, K, L) a 4-tuple of groups and P any pair contained in T(G, H; K, L) there is a factorization {left cosets) of the transfer pairing
Furthermore this factorization induces a pairing
for which there is the commutative square 
Proof. Let k £ K, t e L, g e C G (L, H) and u
By definition of g, [[g, t] is in H and consequently so is
and the factorization exists. The pairing, /, is then obvious and the commutativity of the square is an exercise in the use of representatives of homotopy classes and their adjoints. The sign ( -l) s occurs since the order in which the adjoints are taken do not line up.
In particular if we set P = F(G, H; K, L) in Proposition 1.2, we see that diagram (2), which is a commutative diagram of C-pairings, can be factored. Thus elements, b € ir k (F), can be interpretated as maps of "nbrations"
which is defined via a representative of b. Such maps of fibrations can, in turn, be used to define spectra and maps of spectra (see Lundell [7] ).
We finally observe from the commutative diagrams, diagram (1) and diagram (2) , together with the following proposition that elements in w*(H) or ti*(F) will induce maps of long exact homotopy sequences of pairs. Proof. Again (i) is a standard result with a proof that can be adapted to prove (ii).
Jacobi identities.
In the proof of Proposition 2.1 below we show that Jacobi identities can be verified in a natural way using the Hall identity, H(S'). PROPOSITION 
Suppose that (K, L) C (G, H) are two pairs of topological groups and that a, b, c are given by one of the following sets of conditions:
Then a, b } c satisfy the following Jacobi identities:
where the products in these identities must be interpreted as absolute Samelson products, relative Samelson products or C-products as needed. For example in case (iv) all elements of the Jacobi identity lie in ir p+Q+r (G, H). Furthermore, (a, b ), (c, a ) and (b, c ) lie in w p+q (K, L), ir p+r {H), and ir q+r (G, H) respectively. Thus in the product (b, (c, a ) ) we must interpret b as an element of TT Q (G, H) via the inclusion (K, L) C (G, H).
Proof. Since the format of the proof is the same in all cases we prove (iv) only. Let J n~l = p-
represent a, b, and c respectively where the basepoint of the unit w-cube, I", is taken to be the origin. We then define basepoint preserving homotopies
where /w denotes the scalar multiplication of a vector. Now when t = 0, ifi, H 2 , and i7 3 are seen to represent (a, (b, c ) ), (-l)<* +fl)r <c, (a, 6)) and (-l) p(r+s) (6, <c, a)) respectively. On the other hand we see from the Hall identity H (3' ) that at / = 1, HiH 2 H s = e and the proof is complete.
We remark that the above list of Jacobi identities is not exhaustive and that whenever the various iterated C-products of three elements are all defined then there is probably a Jacobi identity. 
Consequently with m ^ n and (G,
We then obtain the following structure theorem using standard techniques of linear algebra. With G a topological group suppose that X and F are right and left G-spaces respectively. Then XX F is a right G-space with the action of G defined
The orbit space will then be denoted (X X Y)/G and with this notation we therefore see from Theorem 3.1 that for n > m, C n+k (n -m, n) = (0 n X 0 k + m ')/0 m ". One should take care, however, not to confuse this notation with the various left and right coset spaces which will be used in the sequel.
We abbreviate the T and F pairs for the tetrad (0 n+r ; 0 n+r -s , 0 nf 0 n -s ) to
so that the transfer pairing now has the following (factored) form. which in addition to having properties similar to the pairs T niS T also give inclusions T n<s r -• > T n+PtS r which are induced from aligned inclusions. The main result of this section is then the following. THEOREM 
3.2.(i) For r, n ^ s, k è 0; ir k {f ntS T ) = T k (G T+s , s , G r ,,). (ii) For p è 0 the natural inclusion T n>s r -> T n+P>S T induces isomorphism in homotopy.
( A' ) and the induced map on the quotient spaces is an isomorphism. The proof of (iii) parallels (i).
iii) Fork è 0,T k (T H y) = T k (t n y).
Proof. Let (X, A) = (C n + r (n -s, n + r -s), C n+r (n, n + r -s)). Since
Transfer products in the classical groups.
We shall now confront the technical difficulties in relating the transfer product to the intrinsic map of James.
For A and B pointed spaces the join, A * B of A and B is the pointed space obtained from A X I X B by identifying a X 0 X B with a X 0 X (*), a £ A and A X I Xb with (*) X 1 X 6, b 6 B. The basepoint of A * B is the class (*) X 1 X (*).
If we now consider an element of 0 n>k as a matrix of k rows and n columns then James [4] where (p(w)(t) = w{\ -t) and J is the induced map of Proposition 1.2. We can now state a theorem conjectured by Bott [2] and proved by Husseini [3] . 
where -K is the natural projection is homotopic to the intrinsic map, h, except for the orthogonal groups when n, m, and k are all odd in which case the obstruction to their being homotopic is a column operation (4), of odd order.
If <r n is the composition we then obtain the needed relationship between the transfer product and the intrinsic join in the following. Proof. For the unitary groups it is readily seen that
Consequently C n +i(n) acts freely on C n+ i(n -1, n) from both the left and the right. The left coset space is by definition, F, and we will denote the right coset space by F. Then n*(F) = 7r*(C n+ i(n -1, n), C n+ i(n)) = T*(F).
To compute T*(P) define a projection 2w+1 ) is /fee map £ n (a) = (|S n , a), then B n = n2 2 (S = suspension).
Proof. With the notation of Lemma 5.1 there is a fibration of right coset spaces
P-> F-+T
where P = C n+ i(n, n)/C n+ i(n) and f = C n+ i(n -1, n)/C n +i(n, «). Now C w+ i(«, n) = U n X S 1 acts freely from the left on C n+ i(n -1, w) while C n +i(w) acts freely from both the right and the left on C n +i(w, w). Consequently from where r = T^,! 1 = (C n +i(w -1, n)/C n+ i(n) } C n+ i(w, n)/C n+ i(n)) is the T-pair of left cosets. Since it is also readily seen that P = P U ny we have the equivalences **(P) = ir*(PE/»), TT*(F) = TT*(P), and 7r*(r) = 7r*(f) = TT*(S 2 ) which together with the above fibration and the above lemma yields the short exact sequence Proof. This is an easy consequence of Proposition 2.1 (iii).
We now define a generator of 7r 2 (C n+ i(w -1, n), C n +\(n)) = 7r 2 ( J F). Let r{t) be the 2X2 rotation matrix used in defining X in Section 4 when m = k = 1. (n) . We leave it as an exercise to the reader to trace 7^+1 through Theorem 4.4 to verify that it is a representative of ($ n with the proper orientation.
For the transfer pairing, 7 n +i, has the important property that for A £ t/ w -i, [7" Proof. This is a straightforward induction using Theorem 5.4 with k = 0 and / = « -1.
Consequently B n has all the properties of Lundell's deformation [6, 7] of Bott's suspension. Proof. This is a straightforward application of Proposition 2.1 (iv).
Remarks. We remark that there are transfer pairings for the orthogonal and sympletic groups which factor the usual Bott suspensions, however, even these factorizations do not seem to go far enough for non-stable homotopy theory. In any event it does seem significant that for all the classical groups, the James join, the Bott suspension, the Samelson product, and Jacobi identities fit together in such an intricate manner.
